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Abstract
The problem of existence of standard (i.e. product-type) invariant
MASAs for endomorphisms of the Cuntz algebraOn is studied. In par-
ticular endomorphisms which preserve the canonical diagonal MASA
Dn are investigated. Conditions on a unitary w ∈ U(On) equivalent
to the fact that the corresponding endomorphism λw preserves Dn are
found, and it is shown that they may be satisfied by unitaries which do
not normalize Dn. Unitaries giving rise to endomorphisms which leave
all standard MASAs invariant and have identical actions on them are
characterized. Finally some properties of examples of finite-index en-
domorphisms of On given by Izumi and related to sector theory are
discussed and it is shown that they lead to an endomorphism of O2
associated to a matrix unitary which does not preserve any standard
MASA.
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1 Introduction
Systematic investigations of endomorphisms of the C∗-algebrasOn were initi-
ated by Cuntz in [10], where he noticed the bijective correspondence between
unitaries in On and unital endomorphisms of On. From this, he derived a
number of interesting properties of such endomorphisms.
Thirty years later, endomorphisms of On still constitute an active area
of research offering a number of challenging problems and interesting con-
nections with other fields, including index theory, noncommutative entropy,
quantum groups and classical dynamical systems (see for example [3, 5, 11,
14, 19]). In particular, significant progress has been achieved recently in the
study of endomorphisms corresponding to permutation unitaries, [4, 8, 7, 15,
16, 24, 25].
In [10], Cuntz considered also the following two problems: given a unitary
u ∈ On, under what conditions the corresponding endomorphism λu glob-
ally preserves (i) the canonical UHF-subalgebra Fn, and (ii) the canonical
diagonal MASA Dn? He gave the complete answers in the case when λu
is an automorphism of On and provided partial information in the general
case when λu is not necessarily surjective. The former problem has been
recently successfully tackled in [6]. In the present note, we consider some
issues closely related to the latter.
The main focus of the present paper are MASAs of On globally invariant
under the action of a unital endomorphism. The best studied and most
important endomorphism of On, the canonical shift ϕ, is often viewed as the
noncommutative generalization of the standard Bernoulli-Markov shift of the
topological dynamics, as the restriction of ϕ to the diagonal is indeed the map
induced by the standard shift. As any standard MASA in On (i.e. the image
of the canonical diagonal MASA Dn under a Bogolyubov automorphism)
is naturally isomorphic to the algebra of continuous functions on the full
shift on n-letters C, the usual arena of symbolic dynamics ([17]), it seems
natural to ask what other classical transformations of C one can obtain by
restricting endomorphisms of On to invariant standard MASAs. It is easy
to notice that the canonical shift leaves all standard MASAs invariant and
always leads to the same transformation of C. The examples in [24] showed
that there exist endomorphisms of On which reduce to the usual shift on
C in some invariant standard MASA, but lead to a different transformation
in another. One could rephrase this in the following statement – a classical
system arising in symbolic dynamics may have different ‘quantizations’ to
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endomorphisms of Cuntz algebras and at the same time an endomorphism
of On may be a quantization of several different classical dynamical systems.
A specific motivation for considering such questions comes from usefulness
in the context of noncommutative entropy calculations of examining several
different MASAs invariant under the same endomorphism (for example, see
[24, 22]).
In this work we initiate a systematic study of the topics listed above.
In particular, for a unital endomorphism ρ of On we consider the question
of how to identify all its ρ-invariant standard (product-type) MASAs. In
Section 3 we show that this problem reduces to deciding which unitaries w
in On have the property that the corresponding endomorphism λw globally
preserves the diagonal Dn. As already noted by Cuntz in [10], this is certainly
the case when w normalizes Dn. In the main part of the present paper we
consider this problem from a much more general perspective. In particular,
our Theorem 4.1 gives a necessary and sufficient condition for a unitary w in
the algebraic part of Fn so that λw(Dn) ⊆ Dn. Verification of this condition
involves only finitely many linear operations and could be easily performed
by a computer. Corollaries to Theorem 4.1 offer further simplifications of
the general conditions under additional assumptions and lead to a large class
of examples of such endomorphisms corresponding to unitary matrices not
belonging to the normalizer of Dn.
In Section 5, we characterize the unitaries which are associated with the
endomorphisms of On which leave all standard MASAs invariant and have
identical actions on each of them. This is closely related to the work of
Bratteli and Evans on the canonical U(n) action on On in [2], and earlier
paper of Price on the action of U(n) on the UHF algebra Fn, [21]. We note
that commutation with Bogolyubov automorphisms has been exploited in
the literature also in other contexts, see for example Section 4 in [14].
Section 6 is devoted to the analysis of examples of endomorphisms as-
sociated to finite abelian groups by Izumi in [14]. It turns out that Izumi’s
examples (arising from the subfactor theory), although not permutation en-
domorphisms themselves, are at the same time square roots of a permuta-
tion endomorphism and compositions of a permutation endomorphism with
a Bogolyubov automorphism. In particular we obtain an endomorphism of
O2 corresponding to a matrix unitary which does not globally preserve any
standard MASA.
Acknowledgements. The first named author would like to thank Uffe
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warm hospitality during her stay there in the summer of 2009, when part of
this work was done. The second named author’s contribution to this note
was made during his visit to University of Tokyo in October-November 2009,
funded by a JSPS Short Term Postdoctoral Fellowship.
2 Notation and preliminaries
If n is an integer greater than 1, then the Cuntz algebraOn is a unital, simple,
purely infinite C∗-algebra generated by n isometries S1, . . . , Sn, satisfying∑n
i=1 SiS
∗
i = I, [9]. We denote by W
k
n the set of k-tuples α = (α1, . . . , αk)
with αm ∈ {1, . . . , n}, and by Wn the union ∪∞k=0W kn , where W 0n = {0}. We
call elements of Wn multi-indices. If α ∈ W kn then |α| = k is the length of
α. If α = (α1, . . . , αk) ∈ Wn, then Sα = Sα1 . . . Sαk (S0 = I by convention)
is an isometry with range projection Pα = SαS
∗
α. Every word in {Si, S∗i | i =
1, . . . , n} can be uniquely expressed as SαS∗β , for α, β ∈ Wn [9, Lemma 1.3].
We denote by Fkn the C∗-subalgebra of On spanned by all words of the
form SαS
∗
β, α, β ∈ W kn , which is isomorphic to the matrix algebra Mnk(C).
The norm closure Fn of ∪∞k=0Fkn , is the UHF-algebra of type n∞, called the
core UHF-subalgebra of On, [9]. It is the fixed point algebra for the gauge
action of the circle group γ : U(1) → Aut(On) defined on generators as
γt(Si) = tSi. For k ∈ Z, we denote by O(k)n := {x ∈ On : γt(x) = tkx},
the spectral subspace for this action. In particular, Fn = O(0)n . The C∗-
subalgebra of Fn generated by projections Pα, α ∈ Wn, is a MASA (maximal
abelian subalgebra) both in Fn and in On. We call it the diagonal and denote
Dn. We also set Dkn := Dn ∩Fkn . Throughout this paper we are interested in
the inclusions
Dn ⊆ Fn ⊆ On.
We denote by Sn the group of those unitaries in On which can be written
as finite sums of words, i.e., in the form u =
∑m
j=1 SαjS
∗
βj
for some αj, βj ∈
Wn. It turns out that Sn is isomorphic to the Higman-Thompson group Gn,1
[1, 20]. We also denote Pn = Sn ∩ U(Fn). Then Pn = ∪kPkn , where Pkn are
permutation unitaries in U(Fkn). That is, for each u ∈ Pkn there is a unique
permutation σ of multi-indices W kn such that
u =
∑
α∈W kn
Sσ(α)S
∗
α. (1)
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As shown by Cuntz in [10], there exists the following bijective correspon-
dence between unitaries in On and unital ∗-endomorphisms of On (whose
collection we denote by End(On)). A unitary u in On determines an endo-
morphism λu by
λu(Si) = uSi, i = 1, . . . , n.
Conversely, if ρ : On → On is an endomorphism, then
∑n
i=1 ρ(Si)S
∗
i = u
gives a unitary u ∈ On such that ρ = λu. If the unitary u arises from a
permutation σ via the formula (1), the corresponding endomorphism will be
sometimes denoted by λσ. Composition of endomorphisms corresponds to a
‘convolution’ multiplication of unitaries as follows:
λu ◦ λw = λλu(w)u (2)
We denote by ϕ the canonical shift:
ϕ(x) =
∑
i
SixS
∗
i , x ∈ On.
If we take u =
∑
i,j SiSjS
∗
i S
∗
j then ϕ = λu. It is well-known that ϕ leaves
invariant both Fn and Dn, and that ϕ commutes with the gauge action γ.
If u ∈ U(On) then for each positive integer k we denote
uk = uϕ(u) · · ·ϕk−1(u). (3)
We agree that u∗k stands for (uk)
∗. If α and β are multi-indices of length k
andm, respectively, then λu(SαS
∗
β) = ukSαS
∗
βu
∗
m. This is established through
a repeated application of the identity Sia = ϕ(a)Si, valid for all i = 1, . . . , n
and a ∈ On.
Let z ∈ U(F1n). Then λz is an automorphism of On (with inverse λz∗),
called a Bogolyubov automorphism. Since z ∈ Fn, λz restricts to an auto-
morphism of Fn. Each Bogolyubov automorphism acts as a unitary trans-
formation on the Hilbert space span{Si : i = 1, . . . , n} generating On.
For algebras A ⊆ B we denote by NB(A) = {u ∈ U(B) : uAu∗ = A} the
normalizer of A in B and by A′ ∩ B = {a ∈ A : ∀b∈B ab = ba} the relative
commutant of A in B.
3 Standard invariant MASAs
Let z ∈ U(F1n). Then λz is a Bogolyubov automorphism of On and A :=
λz(Dn) is a MASA in On (and in Fn). We will refer to MASAs of this
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form as standard. Every standard MASA is isomorphic to the C∗-algebra of
continuous, complex-valued functions on the full shift on n letters, denoted
further by C (as it is homeomorphic to a Cantor set).
Lemma 3.1. Let z ∈ U(F1n) and denote A1 := λz(D1n). Then for each
positive integer k we have
λz(Dkn) = A1ϕ(A1) · · ·ϕk−1(A1).
Thus A is the increasing limit of algebras A1ϕ(A1) · · ·ϕk−1(A1).
Proof. At first we verify by induction on k that λzϕ
k(D1n) = ϕk(A1). Indeed,
for k = 1 we have
λzϕ(D1n) = z2ϕ(D1n)z∗2 = zϕ(A1)z∗ = ϕ(A1),
since z commutes with ϕ(A1). Now suppose λzϕk(D1n) = ϕk(A1). Then
λzϕ
k+1(D1n) = zk+2ϕk+1(D1n)z∗k+2 = zϕ(zk+1ϕk(D1n)z∗k+1)z∗ = ϕk+1(A1),
since z commutes with the range of ϕ.
Now we prove the lemma, again proceeding by induction on k. Case k = 1
is just our definition of A1. Suppose λz(Dkn) = A1ϕ(A1) · · ·ϕk−1(A1). Then
we have
λz(Dk+1n ) = λz(Dknϕk(D1n)) = λz(Dkn)λzϕk(D1n)
= A1ϕ(A1) · · ·ϕk−1(A1)ϕk(A1)
by the preceding observation.
It follows from Lemma 3.1 that if w, z ∈ U(F1n) then
λw(Dn) = λz(Dn) ⇔ w∗z ∈ NF1n(D1n).
In particular, λz(Dn) = Dn if and only if z ∈ NF1n(D1n) = P1nU(D1n).
Proposition 3.2. Let u ∈ U(On), z ∈ U(F1n), and set A = λz(Dn). Then
the following hold.
(i) λu(A) ⊆ A if and only if λλz∗(u)(Dn) ⊆ Dn. In particular, if λz∗(u) ∈
NOn(Dn) then λu(A) ⊆ A.
(ii) Adu(A) ⊆ A if and only if λz∗(u) ∈ NOn(Dn).
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Proof. (i) Inclusion λu(A) ⊆ A is equivalent to λ−1z λuλz(Dn) ⊆ Dn. But for
i = 1, . . . , n we have
λ−1z λuλz(Si) = λz∗λu(zSi) = λz∗λu(z)λu(Si) = λz∗(uzu
∗ · uSi) = λz∗(uzSi)
= λz∗(u)λz∗(zSi) = λz∗(u)λz∗λz(Si) = λz∗(u)Si,
and thus λ−1z λuλz = λλz∗(u). As shown in [10], if λz∗(u) belongs to the
normalizer of Dn then the endomorphism λλz∗(u) globally preserves Dn.
(ii) We have λ−1z Aduλz = Adλz∗(u).
Consider a simple case of u ∈ U(F1n). Then λz∗(u) = z∗uz normalizes
Dn if and only if z∗uz is in P1nU(D1n). That is, in order to find MASAs of
the form λz(Dn) which are globally invariant for λu we would need to solve
the generalized diagonalization problem for u: find unitaries z ∈ U(F1n) such
that
z∗uz = sd,
where s ∈ P1n is a permutation and d ∈ U(D1n) is diagonal. More generally,
if u ∈ U(Fkn), then we would be looking to solve the equation
z∗kuzk = sd,
where s ∈ Pkn , d ∈ U(Dkn), and zk is a unitary defined for z in formula (3).
The following example is a rephrasing in this language of the construction
on pages 127–128 in [24].
Example 3.3. Consider
u = S1(S1S
∗
2 + S2S
∗
1)S
∗
1 + P2,
a permutation unitary in U(F22 ). In particular, the diagonal D2 is invariant
under λu. Take
z = (1/
√
2)(1− S1S∗2 + S2S∗1),
a unitary in U(F12 ). Then one checks that
λz∗(u) = z
∗
2uz2 = S1S1S
∗
1S
∗
1 + S1S2S
∗
2S
∗
2 + S2S2S
∗
2S
∗
1 + S2S1S
∗
1S
∗
2
is a permutation in P22 , and thus A = λz(D2) is an invariant MASA for λu.
This MASA is different from the diagonal D2, since z does not normalize D12.
The endomorphism λu does not preserve all standard masas: one can check
that if a ∈ [0, 1], b = √1− a2, so that za = aS1S∗1 − bS1S∗2 + bS2S∗1 + aS2S∗2
is a unitary in F12 , then λu preserves λza(D2) if and only if a ∈ {0, 1, 12
√
2}.
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Remark 3.4. Let u ∈ NFkn(Dkn) and denote C(u) = {w ∈ U(Fkn) : wu =
uw}, the centralizer of u in U(Fkn). To find invariant MASAs for λu one
could look for unitaries z ∈ U(F1n) such that zk ∈ C(u)NFkn(Dkn). If such a z
does not normalize D1n then A = λz(Dn) is different from Dn.
Example 3.5. Consider the unitary
u = S1S1S
∗
1 + S1S2S
∗
1S
∗
2 + S2S
∗
2S
∗
2
in S2. The unitary u is in the normalizer of the diagonal, i.e. Adu(D2) = D2.
We ask if there exist other standard MASAs in O2 invariant under Adu. So
let θ ∈ [0, 2pi), a, b ∈ C with |a|2 + |b|2 = 1, and consider the unitary
z = eiθaS1S
∗
1 + e
iθbS2S
∗
1 − bS1S∗2 + aS2S∗2
in U(F12 ). According to Proposition 3.2, we must determine for what z the
unitary λz∗(u) belongs to the normalizer of D2. In particular, for each projec-
tion p ∈ D2 we must have λz∗(u)pλz∗(u)∗ ∈ D2. Decomposing λz∗(u)pλz∗(u)∗
as a sum of terms belonging to spectral subspaces O(k)2 , k ∈ Z, we get that
the term in O(2)2 is λz∗(S1S1S∗1)pλz∗(S2S2S∗2). Writing this expression explic-
itly for p = S1S1S
∗
1S
∗
1 (for example) we see that it is equal to 0 if and only if
either a = 0 or b = 0. But then z normalizes D2 and λz(D2) = D2. Therefore
the only standard MASA of O2 invariant under Adu is the diagonal D2.
As it turns out, there exist unitary elements of Fkn whose associated
endomorphisms do not leave invariant any standard MASA of On. In Section
6, below, we show that this is the case for a certain endomorphism of O2
constructed by Izumi ([14]) in connection with Longo’s sector theory ([18])
and Watatani’s index theory for C∗-algebras ([26]).
4 Endomorphisms preserving the diagonal
Condition (i) of Proposition 3.2 motivates the following question: for what
unitaries w ∈ U(On) we have λw(Dn) ⊆ Dn? Certainly this is the case
for those unitaries which normalize Dn. An interesting question is what
other unitaries, not belonging to NOn(Dn), give rise to endomorphisms which
preserve the diagonal? Clearly, λw(Dn) ⊆ Dn if and only if λw(D1n) ⊆ Dn
and λwϕ
r(D1n) ⊆ Dn for all r = 1, 2, . . .. Unfortunately, these conditions are
not easy to check in general. However, if w is a unitary in the algebraic part
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of Fn then they reduce to a finite calculation, as explained in the following
theorem.
Theorem 4.1. Let k ∈ N and let w ∈ U(Fkn). For i, j = 1, . . . , n let
Eij : Fkn → Fk−1n be linear maps determined by the condition that a =∑n
i,j=1Eij(a)ϕ
k−1(SiS∗j ) for all a ∈ Fkn . Define by induction an increasing
sequence of unital selfadjoint subspaces Sr of Fk−1n so that
S1 = span{Ejj(wxw∗) : x ∈ D1n, j = 1, . . . , n},
S˜r+1 = span{Ejj((Adw ◦ ϕ)(x)) : x ∈ Sr, j = 1, . . . , n},
Sr+1 = Sr + S˜r+1.
We agree that S0 = C1. Let R be the smallest integer such that SR = SR−1.
Then λw(Dn) ⊆ Dn if and only if λw(DRn ) ⊆ Dn.
Proof. Let λw(DRn ) ⊆ Dn. We show by induction on r = 1, 2, . . . that
(i) Sr ⊆ Dk−1n ;
(ii) (Adw ◦ ϕ)(Sr−1) ⊆ Srϕk−1(D1n);
(iii) λwϕ
r−1(D1n) ⊆ Dn;
(iv) for each x ∈ D1n and r there exist elements xj1...jr of Sr such that
λwϕ
r−1(x) =
n∑
j1,...,jr=1
xj1...jrϕ
k−1(Pjr)ϕ
k(Pjr−1) · · ·ϕk+r−2(Pj1); (4)
(v) Sr is spanned by Sr−1 and elements xj1...jr appearing in formula (4) for
all x ∈ D1n.
Base step r = 1. By hypothesis, λw(D1n) = wD1nw∗ is contained in Dkn. Thus
for x ∈ D1n we have
λw(x) =
n∑
j=1
Ejj(wxw
∗)ϕk−1(Pj)
and all Ejj(wxw
∗) must belong to Dk−1n . Whence S1 ⊆ Dk−1n and formula
(4) holds for r = 1. Condition (v) follows.
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For the inductive step, suppose the claim holds for all m = 1, . . . , r. Let
x ∈ D1n. Then by the inductive hypothesis, and taking into account that w
commutes with the range of ϕl if l ≥ k, we get
λwϕ
r(x) = (Adw ◦ ϕ)λwϕr−1(x)
=
n∑
j1,...,jr=1
(Adw ◦ ϕ)(xj1...jr)ϕk(Pjr) · · ·ϕk+r−1(Pj1)
for some xj1...jr ∈ Sr. Firstly, suppose that r ≤ R − 1. Then ϕr(x) ∈ DRn
and λwϕ
r(x) belongs to Dn, by assumption. Thus each (Adw ◦ ϕ)(xj1...jr) is
in Dkn and we have
(Adw ◦ ϕ)(xj1...jr) =
n∑
j=1
Ejj((Adw ◦ ϕ)(xj1...jr))ϕk−1(Pj).
Setting
xj1...jrjr+1 = Ejr+1jr+1((Adw ◦ ϕ)(xj1...jr))
we see that formula (4) holds for r + 1, and also that Sr+1 ⊆ Dk−1n and
(Adw ◦ ϕ)(Sr) ⊆ Sr+1ϕk−1(D1n). This establishes the inductive step in the
present case.
Secondly, suppose that r ≥ R. Then all elements xj1...jr belong to
Sr = Sr−1. Thus, by the inductive hypothesis, (Adw ◦ ϕ)(xj1...jr) is in
Srϕ
k−1(D1n) ⊆ Dk−1n ϕk−1(D1n). Consequently, λwϕr(x) belongs to Dn, and
the rest of the argument is similar to the preceding case.
Validity of condition (iii) for all r ∈ N implies that λw(Dn) ⊂ Dn and the
proof is finished.
The simplest possible case to consider from the point of view of Theorem
4.1 is when already S1 = S0. This leads to the following.
Corollary 4.2. Let w be a unitary element of Fkn . If wD1nw∗ = ϕk−1(D1n)
then λw(Dn) ⊆ Dn.
Proof. Indeed, if wD1nw∗ = ϕk−1(D1n) then S1 = S0 and λw(D1n) ⊆ Dn.
Corollary 4.2 and Proposition 3.2 lead to the following explicit condition
guaranteeing that the endomorphism associated to a unitary in the algebraic
part of Fn leaves a given standard MASA invariant.
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Corollary 4.3. Let u ∈ Fkn and z ∈ U(F1n). If u(zD1nz∗)u∗ = ϕk−1(zD1nz∗)
then A = λz(D1n) is λu-invariant.
Example 4.4. One notices that Corollary 4.2 easily gives examples of uni-
taries w such that λw(Dn) ⊆ Dn but w 6∈ NOn(Dn). For instance, if
a, b, c, d ∈ C are such that |a|2 + |b|2 = |c|2 + |d|2 = 1 then
w = S1(aS1S
∗
1 + bS1S
∗
2)S
∗
1 + S1(cS2S
∗
1 + dS2S
∗
2)S
∗
2
+ S2(−bS1S∗1 + aS1S∗2)S∗1 + S2(−dS2S∗1 + cS2S∗2)S∗2
satisfies the condition of Corollary 4.2 (with n = k = 2) and thus λw(D2) ⊆
D2, but w belongs to NO2(D2) only if ab = cd = 0.
Motivated by [24] (where a similar construction was used when an en-
domorphism different from the canonical shift was shown to reduce to the
classical shift on a non-diagonal invariant standard MASA) we also consider
the following sufficient condition which guarantees that λw(Dn) ⊆ Dn:
[D1] λw(D1n) ⊆ Dn,
[D2] λwϕ
r(x) = ϕrλw(x) for all x ∈ D1n and r = 1, 2, . . .
A simple inductive argument shows that
[D2] ⇔ w ∈
∞⋂
r=1
(
ϕrλw(D1n)
)′ ∩ On.
Thus, since Fkn and ϕk(On) commute, for w ∈ U(Fkn) conditions [D1] and
[D2] are equivalent to the following:
[DF1] wD1nw∗ ⊆ Dkn,
[DF2] w ∈
k−1⋂
r=1
(
ϕr(wD1nw∗)
)′ ∩ Fkn .
In this way we obtain the following.
Proposition 4.5. Let w be a unitary element of Fkn . Denote by Bw the
C∗-algebra generated by {ϕr(wxw∗) : x ∈ D1n, r = 1, . . . , k − 1}. If
wD1nw∗ ⊆ Dkn and w ∈ B′w ∩ Fkn
then λw(Dn) ⊆ Dn.
A very special case of the situation described in the preceding proposition
takes place when w ∈ U(Fkn) and wD1nw∗ = ϕk−1(D1n), the case considered
in Corollary 4.2.
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5 Endomorphisms commuting with
Bogolyubov automorphisms
The methods of computing entropy of permutation endomorphisms of On
used in [24] were based on analysis of the behaviour of the transformations
in question on invariant standard MASAs. It was noted there that even in
simple cases entropy properties of ρ|A1 and ρ|A2 for two invariant standard
MASAs A1 and A2 can be very different. In this section, we discuss endo-
morphisms of On whose restrictions to all standard MASAs are identical.
We begin with a simple and well-known observation:
Lemma 5.1. Let u ∈ U(On). If the endomorphism λu commutes with the
gauge action, then u ∈ Fn.
Proof. The assumed commutation relation implies that for each i = 1, . . . , n
and t ∈ U(1) we have
γt(u)γt(Si) = uγt(Si).
This implies that γt(u) = u for all t ∈ U(1) and thus u ∈ Fn.
By virtue of the above lemma, endomorphisms commuting with the gauge
action leave the core UHF subalgebra Fn invariant. Interesting examples
of endomorphisms of On that leave Fn invariant and yet their associated
unitaries are not in Fn were recently found in [6].
We denote by Sym(k) the group of all permutations of k letters.
Definition 5.2. Let σ be a permutation of W kn . We call σ induced if there
exists a permutation ω ∈ Sym(k) such that for all α ∈ W kn we have
σ(α) = (αω(1), . . . , αω(k)).
The following fact is a consequence of the classical theorem of Hermann
Weyl.
Lemma 5.3. Let k ∈ N and let u be a unitary in Fkn . The endomorphism λu
commutes with all Bogolyubov automorphisms of On if and only if u is a linear
combination of permutation unitaries associated with induced permutations
of W kn .
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Proof. Let u be as in the statement of the lemma and let z ∈ U(F1n), so that
λz is a Bogolyubov automorphism of On. By (2), endomorphisms λu and λz
commute if and only if
λu(z)u = λz(u)z.
Since λu(z) = uzu
∗ and λz(u) = zkuz∗k (with zk as in (3)), this is equivalent
to
u = zkuz
∗
k. (5)
Under the identification Fkn ∼= Mn(C)⊗k, unitary zk corresponds to the tensor
product z⊗k. Then equation (5) takes the form
u = z⊗kuz∗⊗k. (6)
View now this equation as an equation for a fixed matrix u ∈ Mn(C)⊗k and
arbitrary unitary z ∈Mn(C). It means that
u ∈ {z⊗k : z ∈ U(n)}′ = {z⊗k : z ∈ SU(n)}′,
so that u is in the commutant of the k-th tensor power of the standard
representation of SU(n). A classical result of Weyl says that this commutant
is equal to the image of the natural representation of the permutation group
Sym(k) in Mn(C)
⊗k (see §9.1.1 in [13]). This means that u commutes with
all the Bogolyubov automorphisms if and only if it is a linear combination of
unitary matrices representating the permutations in Sym(k). It remains to
observe that under the identification of Fkn with Mn(C)⊗k the latter matrices
correspond to the unitaries associated with induced permutations.
Lemmas 5.1 and 5.3 almost characterize unitaries that lead to endomor-
phisms commuting with all Bogolyubov automorphisms; we can also have
u ∈ Fn \
⋃
k∈NFkn , but this can happen only in a trivial way (i.e. u will be a
norm limit of unitaries of the type described in Lemma 5.3). This has been
observed (in the context of the UHF algebras) by Price in [21]. We formulate
it in the next theorem; for the completeness we also present the proof. Let
F =
⋂
z∈U(F1n)
{x ∈ On : λz(x) = x}. (7)
Theorem 5.4. Let u ∈ On be unitary. The endomorphism λu commutes
with all Bogolyubov automorphisms of On if and only if u is in the closed
linear span of unitaries associated with induced permutations.
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Proof. By Lemmas 5.1 and 5.3 together with their proofs it suffices to show
that F ∩⋃
k∈NFkn is dense in F. Let τ ∈ F∗n denote the faithful trace of the
UHF algebra Fn. Let k ∈ N. With respect to the natural isomorphism ιk :
Fn → Fn⊗Mn⊗k we have τ = (τ⊗trnk)◦ιk, where trnk is the normalised trace
on Mn
⊗k. The identification of Mn
⊗k with Fkn in this picture corresponds to
the mapping θk : Mn
⊗k → Fn defined by θk(x) = ιk−1(1Fn ⊗ x), x ∈ Mn⊗k.
Consider the conditional expectation Ek : Fn → Fkn given by
Ek = θk ◦ (τ ⊗ idMn⊗k) ◦ ιk.
As
⋃
k∈NFkn is dense in Fn,
Ek(x)
k→∞−→ x, x ∈ Fn.
Let λz be a Bogolyubov automorphism (z ∈ F1n). Then Ek ◦ λz = λz ◦ Ek
– the commutation relation is easily checked on elements in F ln (l ≥ k) and
by contractivity of the maps involved has to hold on the whole Fn. This
implies that for each k ∈ N there is Ek(F) = F, which together with the
displayed formula yields the statement formulated in the first sentence of the
proof.
The above theorem, or rather its proof, shows that we have (recall the
notation in (7))
F ∩ On = F ∩ Fn ≈ C∗(Sym(∞))
(with Sym(∞) denoting the group of finite permutations of N), as noted by
Bratteli and Evans in [2].
Corollary 5.5. Let σ be a permutation of W kn . Then the corresponding
endomorphism λσ commutes with all Bogolyubov automorphisms of On if
and only if σ is induced.
Proof. Follows from Lemma 5.3 and a simple observation that a permutation
unitary in Fkn can be a linear combination of permutation unitaries in Fkn
only in a trivial way.
Thus the class of induced permutation endomorphisms is the class of
endomorphisms that not only leave each standard MASA invariant, but also
induce the same homeomorphisms of the underlying Cantor set in each case.
When k = 2, induced permutation endomorphisms are the identity morphism
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and the canonical shift, but already when k = 3 we get some new maps, for
example the endomorphism associated to the unitary
∑n
i,j,l=1 SlSjSiS
∗
jS
∗
i S
∗
l .
Note that the product of induced permutation endomorphisms is an induced
permutation endomorphism, with the action on the level of permutations in⋃
k∈N Sym(k) given by the convolution multiplication described by formula
(7) of [25] (note that in [25] the convolution multiplication is defined for
permutations of multi-indices). Each such endomorphism on the diagonal
(or any other standard MASA) reduces to a transformation which has a
simple combinatorial description as a substitution map.
Comment 5.6. In view of the discussion in [23] and the simple form of the
induced permutation endomorphisms it is natural to expect that for such
endomorphisms their Voiculescu topological entropy can be detected already
from the restriction to the canonical diagonal MASA. We also conjecture that
for an endomorphism λ associated to an induced permutation the entropies of
λ and λ ◦α coincide for all Bogolyubov automorphisms α. Note that in that
situation we have (λ ◦ α)m = λm ◦ αm. A combination of results in Section
6, below, and a straightforward symbolic dynamics computation allowed to
show in [22] that in general for an endomorphism λ of On (even induced by
a unitary in Fn) and a Bogolyubov automorphism α the entropies of λ and
λ ◦α may be different (although, as follows from [12], the entropy of α is 0).
Finally, we observe that there exist endomorphisms preserving all stan-
dard MASAs which nevertheless do not commute with all Bogolyubov auto-
morphisms, as the following example demonstrates.
Example 5.7. Let k ≥ 2 and let σ ∈ Sym(k) be such that σ(1) = k and
σ(k) = 1. Let u1 be the unitary in Fkn induced by σ, and let u2 be an
arbitray unitary in ϕ(Fk−1n ). Set u = u1u2. Then for any z ∈ U(F1n) we have
λz(u1) = u1 and λz(u2) ∈ ϕ(Fk−1n ). Note that for each i, j = 1, . . . , n there
is u1SiS
∗
j = ϕ
k−1(SiS∗j )u1. Consequently,
λz(u)D1nλz(u∗) = u1λz(u2)D1nλz(u∗2)u∗1 = u1D1nu∗1 = ϕk−1(D1n).
Thus λu preserves all standard MASAs by Corollary 4.3. However, using
freedom of choice of u2, one can arrange that u does not satisfy condi-
tions of Lemma 5.3 (or Corollary 5.5), and thus it does not commute with
all Bogolyubov automorphisms. A particular example of such situation is
given by (n = 2) u1 = S1S1S
∗
1S
∗
1 + S1S2S
∗
1S
∗
2 + S2S1S
∗
2S
∗
1 + S2S2S2S
∗
2 ,
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u2 = S1S1S
∗
1S
∗
2 + S1S2S
∗
1S
∗
1 + S2S1S2S
∗
2 + S2S2S
∗
2S
∗
1 . The endomorphism
λu1u2 is then a permutation endomorphism denoted by ρ1342 in [24]. We rec-
ommend comparing its properties with these of the endomorphism described
in Example 3.3.
6 Izumi’s examples of real sectors
In [14], Izumi studied certain explicit examples of endomorphisms of Cuntz
algebras motivated by subfactor theory. His examples are square roots of
canonical endomorphisms in the sense of Longo ([18]) with finite Watatani
indices ([26]). Izumi’s methods are based on the following proposition, which
is a special case of Proposition 2.5 in [14]:
Proposition 6.1 ([14]). Let λ ∈ End(On). If there exists an isometry w ∈
On such that wx = λ2(x)w for all x ∈ On and w∗λ(w) = 1d for some d > 0,
then Eλ : On → λ(On) defined by
Eλ(x) = λ(w
∗λ(x)w), x ∈ On,
is a conditional expectation with Watatani index d2.
Endomorphism λ as above is called a real sector, as it is its own conjugate
endomorphism ([18]). Examples of real sectors satisfying the conditions in the
above proposition cannot be obtained for w = Si and λ being a permutation
endomorphism. Nevertheless, the endomorphism constructed in Example 3.7
of [14] is of the form λ = λσ ◦ β, where β is a Bogolyubov automorphism;
moreover λ2 is also a permutation endomorphism. Below we give proofs of
these facts.
Let G be a finite abelian group of cardinality n, written additively. Let
〈·, ·〉 : G × G → T be a symmetric duality bracket satisfying the usual
conditions (g, g′, h ∈ G)
〈g, h〉 = 〈−g, h〉,
∑
h∈G
〈h, g〉 =
{
0 if g 6= e
N if g = e
,
〈g, h〉〈g′, h〉 = 〈g + g′, h〉, 〈g, h〉 = 〈h, g〉.
If G = Zn is a cyclic group then one can put 〈k, l〉 := exp(2pii(kl)n ). In this
section, we will use elements of G as indices of generating isometries in On.
16
For g ∈ G, define unitaries U(g) ∈ Fn ⊂ On as
U(g) =
∑
h∈G
〈g, h〉ShS∗h.
Note that they give rise to a ‘unitary representation’ of G. Now define an
endomorphism λ ∈ End(On) by
λ(Sg) =
1√
n
∑
h∈G
〈g, h〉ShU(g)∗.
The endomorphism λ does not leave Dn invariant (unless n = 1), as we have
λ(SgS
∗
g ) =
1
n
∑
h,k∈G
〈g, h− k〉ShS∗k ,
so for example
λ(SeS
∗
e ) =
1
n
∑
h,k∈G
ShS
∗
k .
The unitary associated with λ is equal to
vλ =
1√
n
∑
g,h,l∈G
〈g, h− l〉ShSlS∗l S∗g . (8)
For each h ∈ G define an isometry
S˜h =
1√
n
∑
a∈G
〈h, a〉Sa
and let β ∈ Aut(On) be given by
β(Sh) = S˜h, h ∈ G.
It is easy to see that β is a Bogolyubov automorphism. Note that λ′ := λ ◦β
is a permutation endomorphism. Indeed, for each h ∈ G we have
λ′(Sh) = λ(S˜h) =
1√
n
∑
a∈G
〈h, a〉λ(Sa) = 1
n
∑
a,b,c∈G
〈h, a〉〈b, a〉〈−c, a〉SbScS∗c
=
∑
b∈G
SbSh+bS
∗
h+b.
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Let us now compute λ2 (recall it is a canonical endomorphism in the sense
of Longo). For g ∈ G we have
λ(U(g)) =
∑
h∈G
〈g, h〉 1
n
∑
k,l∈G
〈h, k − l〉SkS∗l =
1
n
∑
h,k,l∈G
〈h, g + k − l〉SkS∗l
=
∑
k∈G
SkSg+k
∗,
and further
λ2(Sg) =
1√
n
∑
h∈G
〈g, h〉λ(Sh)λ(U(g))∗
=
1
n
∑
h∈G
〈g, h〉
∑
l∈G
〈h, l〉SlU(h)∗
∑
k∈G
Sg+kS
∗
k
=
1
n
∑
h,l,k∈G
〈g + l, h〉Sl
∑
a∈G
〈h,−a〉SaS∗aSg+kS∗k
=
1
n
∑
h,l,k∈G
〈g + l, h〉Sl〈h,−g − k〉Sg+kS∗k
=
1
n
∑
h,l,k∈G
〈l − k, h〉SlSg+kS∗k
=
∑
k∈G
SkSg+kS
∗
k .
We can see from the formula above that λ2 is a permutation endomorphism;
its associated unitary is equal to
vλ2 =
∑
g,h∈G
SgSh+gS
∗
gS
∗
h.
Below, we take a closer look at the simplest nontrivial case, G = Z2.
Example 6.2. Let G = Z2 = {0, 1} be equipped with the natural duality
bracket; 〈1, 1〉 = −1 and all other brackets take value 1. The Izumi endo-
morphism discussed above is then given by
λ(S0) =
1√
2
(S0 + S1),
λ(S1) =
1√
2
(S0S0S
∗
0 + S1S1S
∗
1 − S1S0S∗0 − S0S1S∗1).
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The unitary associated with λ is given by
vλ =
1√
2
(S00,00 + S11,11 + S01,10 + S00,01 + S10,00 + S11,10 − S10,01 − S01,11)
=
1√
2
(S00,01 + S11,11 − S01,11 − S10,01 + S0,0 + S1,0)
=
1√
2
(1 + S0,1 + S1,0 − 2S01,11 − 2S10,01),
where we write Si,j := SiS
∗
j , Sij,kl := SiSjS
∗
kS
∗
l for all i, j, k, l ∈ {0, 1}.
The permutation endomorphism λ′ considered above is induced by the
unitary
vλ′ = S00,00 + S01,11 + S11,01 + S10,10
and equals ρ24 of [24]. Endomorphism λ
2 is associated to the unitary
vλ2 = S00,00 + S01,01 + S11,10 + S10,11
and equals ρ243 of [24].
It turns out that endomorphism λ does not leave any standard MASA
of O2 invariant. Indeed, let z ∈ U(F12 ). Then λ preserves MASA λz∗(D2)
if and only if the endomorphism associated with X = λz(vλ) preserves D2
(Proposition 3.2). For this, it is necessary that XD12X∗ ⊂ D22. So let
z = aS0,0 + bS0,1 − bS1,0 + aS1,1
for some a, b ∈ C with |a|2 + |b|2 = 1 (clearly, it suffices to consider unitaries
z with determinant 1). Then we have X = 1√
2
zY z∗, where
Y = 1 + S0,1 + S1,0 − 2S0zS1S∗1z∗S∗1 − 2S1zS0S∗0z∗S∗1 .
We verify that XP0X
∗ does not belong to D22 for any choice of parameters
a, b. Indeed, since z is in the commutant of ϕ(F12 ), for XP0X∗ to be in D22 it
is necessary that Y (z∗P0z)Y ∗ is in F12ϕ(D12). For computational convenience,
we write Y and z∗P0z as 4-by-4 matrices in block form. Then
Y =
[
1 Y1
1 Y2
]
and z∗P0z =
[
c1 d1
d1 (1− c)1
]
,
where c = |a|2, d = ab and Y1, Y2 are self-adjoint 2-by-2 matrices such that
Y1 =
[
2aa− 1 −2ab
−2ab 1− 2aa
]
, Y2 =
[
1− 2aa 2ab
2ab 2aa− 1
]
.
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Thus Y (z∗P0z)Y ∗ equals[
c1 + (d+ d)Y1 + (1− c)Y 21 c1 + dY2 + dY1 + (1− c)Y1Y2
c1 + dY2 + dY1 + (1− c)Y2Y1 c1 + (d+ d)Y2 + (1− c)Y 22
]
.
This is an element of F12ϕ(D12) if and only if all its four blocks are diagonal
2-by-2 matrices. An elementary calculation shows that this happens if and
only if either a = 0 or b = 0. But for these two choices of the parameters one
can easily see that XP0X
∗ does not belong to D22.
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